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Spatial Fluctuations in Reaction-Limited
Aggregation
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A general method is used for describing reaction—diffusion systems, namely van
Kampen’s “method of compounding moments,” to study the spatial fluctuations
in reaction-limited aggregation processes. The general formalism used here and
in subsequent publications is developed. Then a particular model is considered
that is of special interest, since it describes the occurrence of a phase transition
(gelation). The corresponding rate constants for the reaction between two
clusters of size i and size j are K;=1ij (i, j=1, 2,...). For the diffusion constants
D; of clusters of size j the following class of models is considered: D;=D if
I<j<sand D;=0if j>s The cases s= 00 and s< oo are studied separately.
For the mode] 5= co the equal-time and the two-time correlation functions are
calculated; this model breaks down at the gel point. The breakdown is charac-
terized by a divergence of the density fluctuations, and is caused by the large
mobility of large clusters. For all models with s < oo the density fluctuations
remain finite at 7., and the equal-time correlation functions in the pre- and in
the post-gel stage are calculated. Many explicit and asymptotic results are given.
From the exact solution the upper critical dimension in this gelling model is
d,=2.

KEY WORDS: Spatial fluctuations; reaction—diffusion; aggregation; phase
transition; gelation.

1. INTRODUCTION

Reaction—diffusion systems are particularly suited as an object of study if
one is interested in the time evolution of averages (concentrations) and
spatial fluctuations about these averages. The reason is that the mobility of
the reactants permits a rather tractable stochastic description based on
cluster expansions,) field operator representations,®* or the master
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equation.®® These methods can then be used to derive kinetic equations,
from which the concentrations and correlation functions may be studied.

In this paper I apply a general method for studying reaction—diffusion
systems to a model describing the irreversible aggregation of clusters. The
model under consideration is of special interest, since it describes the
occurrence of a nonequilibrium phase transition (gelation), and the spatial
fluctuations can be studied in detail both before and beyond the critical
time ¢,.

The method for studying the fluctuations is the so-called “method of
compounding moments” devised by van Kampen.®) According to this
method, the derivation of kinetic equations for the averages and for the
fluctuations about these averages proceeds in two steps. In the first step
one discretizes the space, i.c., one constructs the master equation for a cell
model, where clusters react within each cell and jump between the cells. The
kinetic equations are then derived directly from the master equation for this
cell model. In the second step one transforms from the cell picture to a con-
tinuous formulation, replacing the cell index by the spatial coordinates r.
The advantages of this approach over the competing functional integral
approach are expounded in ref. 5. However, in either approach it is
assumed that the clusters travel over large distances (visit many cells)
before they finally react. This reveals the basic limitation of the method: I
restrict consideration to aggregation processes that are reaction limited.

Before discussing the stochastic (master equation) approach, I
consider first the macroscopic law for the average density of clusters of
size k, or k-mers (k=1,2,..). The concentrations c¢,(r, ¢) of clusters of
size k at the position r can be described by a set of deterministic, coupled
reaction—diffusion equations of the form

0 1 &
a_ck(r, t) :E Z Kt'jci(r’ l) Cj(ra t)-—ck(r, t) Z Kkjcj(r9 t)
t i+j=k j=1
+ D, dey(r, ) (k=1,2..) (1.1)

where 4 = ¢%/0r? is the diffusion operator, and K,; and D, are the reaction
and diffusion constants, respectively. The various terms on the right in (1.1)
represent, respectively, the formation of k-mers out of i- and j-mers (with
i+ j=k), the loss of k-mers due to reactions with other polymers, and the
change in c¢,(r, ) due to diffusion. Clearly, fluctuations are neglected in
(1.1). Furthermore, in Eq. (1.1) only reactions between clusters of finite
size (sol particles) are taken into account. If the system contains also an
infinite cluster (or gel), then Eq. (1.1) has to be supplemented with a term
describing the reactivity of the gel.
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The master equation is constructed as follows. We start from the usual
cell model, where the total volume V of the system is subdivided into cells
of size v. The cells should be so small that they can be considered
homogeneous. In this case the possible states of the system are fully charac-
terized by the vector m = {m,, }, where m,, gives the number of k-mers in
cell A. The probability P(m, z) that the system is in state m at time ¢
changes due to two effects: the reactions, taking place within the cell, and
the diffusion, which is modeled by jumps between the cells. Accordingly,
the master equation for P(m, ¢) contains two terms:

P(m, )= Tx(m, t) + Tp(m, t) (1.2)

where Ty and T represent the reaction and diffusion processes, respec-
tively.
The explicit form of the reaction part in (1.2) is given by

T(m, )= (20) " Y KyL(my+ 1+ 8,)(my; +1) P(mg, 1)

i J,A

— my;(my; —d,) P(m, 1) ] (1.3a)

where the state my differs from m only in the numbers of /-mers, j-mers,
and (i + j)-mers in cell 4

Mg = (oo M+ L8y M+ 1+ 6 myy ,— 1) (13b)

Thus Ty contains a gain and a loss term, corresponding to the first and
second terms on the right in (1.3a). The gain term represents jumps toward
the state m from a state with an /- and a j-mer more in cell A and an
(i + j)-mer less. The loss term represents jumps out of state m.

The contribution T, due to diffusion takes the form

Tp(m, )=} wi[(m; + 1) P(mp, t) —m; P(m, t)] (1.4a)

Al

where
mp = (., My + 1o, my, —1,.) (1.4b)

and w{) gives the transition rate for jumps by /-mers from cell 2 to cell p.
There is again a gain and a loss term, corresponding to the first and second
terms on the right in (1.4a). In this case the gain term describes jumps
toward m from states with an /-mer in cell 2 more and an /-mer in cell
less.

The relation between the stochastic equation (1.2) and the deter-
ministic equation (1.1) is that the average k-mer density {m,; >/v reduces

822/54/1-2-15
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to ck(r, t) if the diffusion (or jump) constants are Jarge. In this case one can
transform from the cell picture to a continuum formulation, replacing
my,/v by the density u(r, ) and w') by D,. As a result, one finds that the
average density {u,(r, t)) satisfies the macroscopic law (1.1).

A conserved quantity in (1.2), and also in (1.1), is the total number of
monomeric units (or total mass) in the system. Hence, if the total mass is
denoted by M, one has the following restriction on the possible states m in
(1.2}

M
3 % kom = (L5)
2

By convention I choose the unit of volume such that M=V, ie., I set the
mass density equal to unity. Next consider Eq. (1.1). The situation here is
complicated by the fact that for some choices of the rate constants K,
Eq. (1.1) predicts a phase transition at a finite time ¢,, where an infinite
cluster, or gel, is formed. Hence the total mass is the sum of the sol and the
gel mass, and only the sum of both is conserved:

—‘Jdr [chk(r, 1)+ glr, t):|=1 (t>1,) (1.6)
k

Here g(r, t) represents the mass density of the gel. The constant on the
right-hand side of (1.6) is equal to unity, due to the choice M = V.

In this paper I consider one particular choice for the reaction rates K;
in (1.3), or (1.1), that leads to a gelation transition within a finite time:

K;=ij (1.7)

The model (1.7} is a stylized version of the classical polymerization models
RA; and ARB, of Flory and Stockmayer,”'" which describe the growth
of branched polymers. Equation (1.7) implies that the reactivity of a cluster
is chosen proportional to its mass. Hence, if a gel also occurs, then the
reactivity of the gel is proportional to g(r, t). Accordingly, the macroscopic
law (1.1) assumes the form

gck(r, t)=1 Y djeir, 1) ¢;(r, 1) — ke, (r, t)[ Y Je(r, 1)+ g(r, )]
t 2 i+j=k ji=1
+ D, Ac,(r, 1) (k=1,2,..) (1.8a)

The loss term on the right in (1.8a) shows that k-mers may react with
J-mers (j=1, 2,...) and with the gel. The time dependence of g(r, ¢) in (1.8a)
is determined by

oo

g(r, 1) =g(r, t) Z 2e.(x, ) (1.8b)

0
ot
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Equation (1.8b) simply states that reactions between k-mers and the gel
occur at a rate k¢, g, each reaction adding & units to the gel. Throughout
this paper it is assumed that the gel network is immobile, i.e., that diffusion
of the gel does not occur.

The exact solution of Eqs.. (1.8a), (1.8b) with a general initial con-
dition ¢(r, 0) is not known. This is unfortunate, since we are interested in
the spatial fluctuations about c,(r, ), and the fluctuations can be calculated
only after the macroscopic law (1.8) has been solved. However, Eq. (1.8)
can be solved for one important special case, namely if the initial
distribution is spatially uniform:

cr(r, 0)=c,(0);  g(r,0)=g(0) (1.92)
In this case the solution c,(r, ¢) of (1.8) is also independent of r, i.e.,
alr, )=c,t);  glr, 1)=g(1) (1.9b)

where ¢, (f) and g(¢) satisfy the coupled chemical rate equations

Y () () —ke(t)  (k=1,2,.)  (L.10a)

g(1)= g(t) My(1) (1.10b)

In the derivation of (1.10) I used the mass conservation law (1.6) in
spatially uniform systems, i.e.,

N =

é(t)=

f ke (1) + g() =1 (1.11)
k=1

and introduced the moments M ,(t) of ¢,(¢), which are defined as

[eo]

M, (t)= Y k'c,(t) (1.12)

k=1

In the bulk of this paper I consider spatially uniform systems, as in (1.9a).
The more general case, where the initial distribution contains statistical
fluctuations, is discussed in Section 5.

The chemical rate equation (1.10) is a special case of Smoluchowski’s
coagulation equation,""*' corresponding to the choice (1.7) for the rate
constants K. Equation (1.10) has been solved for a general initial dis-
tribution ¢,(0) by Scott"*) and, more recently, by Ziff et al.!9 A summary
of the properties of ¢,(¢) can be found in Appendix B of ref. 17. Here I men-
tion only the results for monodisperse initial conditions, ¢, (0)=4,,, since in
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this paper most attention is paid to this case. The cluster size distribution
in the sol is, for all 1 >0, given by

)=k 2te Ykl t (k=1,2,.) (1.13)

The concentration g(z) of the gel can now be calculated from (1.11). In the
pre-gel stage (1 <z, =1) all mass is contained in the sol: 3., k¢, (t)=1, so
that g(¢) vanishes. In the post-gel stage (z> 1) it follows from (1.13) that
g(ty=(tr—1r*)/t, where t*(¢) is the root of the equation r* exp(—r*})=
texp(—¢) in the interval 0 < ¥ < 1. This implies that g(z) increases linearly
just above f.:g(1)~2(t—1) as ¢|1. For r— co one finds that g(z) > 1,
implying that at large times all mass is contained in the gel. An important
characteristic of the gel point is the divergence! at ¢, of the moments
M,,(t), with n > 2. For instance, for n=2 one finds that M,(¢)= (1 —1)" " if
t<1,and M,(¢t)~(t—1)""if £ 1.

To my knowledge, the solution of the master equation (1.2)—(1.4) with
K, as in (1.7) is not known for any initial distribution. Master equations
of the form (1.2) have been written down, e.g., by Elderfield® and
Burschka,'® but these authors are concerned mainly with the macroscopic
law® or with the fundamental problems in the description of reaction—
diffusion systems."® Much more is known about the simpler problem of the
master equation for a single, isolated cell. This master equation is obtained
from (1.2) if one forbids the jumps between cells and focuses on one of the
cells 4. The master equation for the single cell has been solved exactly by
Lushnikov," who calculates also the average number of k-mers {m,(t)>.
The fluctuations in the single cell have been studied extemsively by
van Dongen and Ernst.!'”) The present paper extends the results of ref. 17
for spatially homogeneous systems to the combined problem of reaction
and diffusion.

The quantities of main interest in this paper are the equal-time and
two-time correlation functions of the concentrations of k- and /-mers. In the
continuous formulation, where m,; is replaced by the k-mer density
u(r)=m,,/v, the two-time correlation functions are defined as

Kupl(ry, 8) uy(ry, 1)) = (Aug(ry, 1) duy(ry, 1)) (1.14)

where Au,(r, 1) = u,(r, t) — {u,(r, t)>. The equal-time correlation functions
(or covariances) are obtained from (1.14) by setting ¢, =¢,.

The organization of this paper is as follows. Section 2 presents the
details of the method and derives the basic equations to be used in
subsequent sections. Sections 3 and 4 are devoted to two exactly soluble
models. The model to be considered in Section 3 corresponds to diffusion
constants D, independent of the cluster size:

D,=D (k=1,2,.) (1.15)
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For this model the equal-time and two-time correlation functions can be
calculated exactly, but only in the pre-gel stage (z,,¢,<¢.). It is shown
that, for D, as in (1.15), the density fluctuations diverge at the gel point,
due to the large mobility of large clusters. Hence one needs a different
model, where large clusters are less mobile, to study the fluctuations in the
post-gel stage. The simplest choice is

Di=D (k=1,.,s); D=0 (k>s) (1.16)

This second model is the subject of Section 4. Although I have only been
able to calculate the equal-time correlation functions, the results show
many interesting properties of the fluctuations in the presence of a gel. For
example, the upper critical dimension in this gelling model is d.=2.
Finally, Section 5 discusses and summarizes the results. The body of this
paper is restricted to monodisperse initial conditions. Some results for the
model (1.15) with a general initial condition are given in the Appendix.

2. METHOD AND BASIC EQUATIONS

In this section kinetic equations are derived for the concentrations of
sol and gel clusters and for the equal-time and two-time correlation
functions. The basic assumption underlying the derivation is that the
coagulation process is reaction limited. In this case one can apply the
Q-expansion® to the reaction part in (1.3). Moreover, one can transform
from the cell picture to a continuum formulation, replacing the cell index «
by the spatial coordinatesr.

One starts with the observation that the master equation (1.2) is not
the most appropriate starting point to study the fluctuations in gelling
systems. The reason has been discussed in ref. 17: to apply the Q-expansion
to the reaction part of (1.2), one has to be able to distinguish between the
sol and the gel. However, at the level of the master equation (1.2), each cell
represents a finite system, and in finite systems the distinction between sol
and gel clusters is rather vague. More precisely: in finite systems such as
(L.2) the “gel” is not properly defined.

For the special case of the model K= jj, this problem may be solved
as follows. Consider the jump rates w') in (1.3) or, equivalently, the
diffusion constants D, in (1.8). Eventually, it is our object to construct
a model where the sol clusters are mobile and the gel is immobile. For the
diffusion constants this implies that we seck a model with

D>0 (k=1,2,); Dy=0 (2.1)
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Here D, is the diffusion constant of the gel. The crucial observation is that
(2.1) corresponds to the limit r - oo of a different model, where only
clusters of size k <r can diffuse and all larger clusters are immobile:

Dy>0 (k=1l,.,r)y; Dy=0 (k>r) (2.2)

For models of the form (2.2) there occurs an essential simplification,
namely that the system can be described in terms of only »+ 1 reactants.
These # + | reactants are the k-mers, with 1 <k <r, and the clusters larger
than r. For nonspatial systems, this observation was made already in
ref. 17. '

The point here is that it is possible, at least for the model K;=j, to
construct a master equation for the marginal probability distribution that
the system is in state {m{’}. The vector m{’ is defined as

m) = (M, My, M5 Mg,) (2.3)

where m,, (k=1,..,r) is the number of k-mers in cell 4, and m,, =
>, km,; is the mass contained in clusters larger than r. The master
equation in terms of the states m= {m{’} has the same form as in (1.2),

P,(m, t)= Tp(m, t) + Tp(m, t) (2.4)

but the reaction and diffusion terms are slightly modified. The diffusion
part of (2.4) is relatively simple. It has the same form as in (1.4), but now
with zero jump rates for clusters larger than r:

Tp(m, t)=7, 3, wiil(my+1) P(mp, t) —m,;, P(m, 1)] (2.5)
dpl=1
where m, differs from m only in the numbers of /-mers in cell 1 and in cell
U, as in (1.4b).

Equation (2.5) describes the diffusion of /~mers (with /=1,.., r) from
cell A to cell y, similarly as in (1.4). The reaction part in (2.4) is more
complicated, and will be discussed next.

Clusters in cell A are involved in three types of reactions:

(i) Reactions between i- and j-mers with both i<r and j<r. The
transition rates for this process are the same as in (1.3), but now
with 4, j<r.

(ii) Reactions between clusters with i<r and j>r. The
corresponding transition rate (summed over all possible j) is
v immy,.

(iii) Reactions with i>r and j>r. Such reactions do not change the
* state m{” and hence do not contribute to (2.4).
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Note that the transition rates in processes (i) and (ii) depend only on the
numbers m,, (k=0, 1,..,r) and not on the details of the cluster size
distribution for k> r. As a consequence, one could write down an explicit
expression for Tg(m, ¢), as in (1.3), but for the present purposes it is more
convenient to cast Ty in the compact form

1 r
Tam =3 {3 £ Ky dylo mulm;—3,) P,

A Lj=1

. m,-;_(v*mmmo,zP,)} (2.6)

i=1

where the difference operators A4
functions f(m), as

and 4, are defined, for arbitrary

i

Ay f(m) = f({my, +0,,(0,+ O — 04 k),
Moy — (i4+j) 0,11 5, })— f(m)  (2.7a)

At/f(m) :f({mkv + 5lvéika mo, — léiv}) -f(m) (27b)
In (2.7a) I introduced a step function #,:
n.,=0 (x<0); n,=1 (x>0) (2.8)

The interpretation of Egs. (2.6) and (2.7) is as follows. The terms in (2.6)
containing 4, describe reactions of the form (i) with i, j<r. There is a
gain term and a loss term, corresponding to the first and the second term,
respectively, on the rhs of (2.7a). The loss term corresponds to jumps out
of the state m. The gain term represents jumps toward m from states with
an i-mer and a j-mer more and an (i + j)-mer less. The step function shows
that one must distinguish the possibilities i+ j<r and i+ j>r. Similarly,
the forms containing 4, describe reactions of the form (ii).

I now proceed as follows. From the structure of the master equation
(2.4), it is clear that the kinetic equations, to be derived below, consist of
two parts: a reaction part, due to Ty, and a diffusion part, due to Tp,.
These contributions will be discussed separately: I consider first the
contributions due to reactions (Section 2.1), and then the diffusion terms
(Section 2.2). In Section 2.3 I collect results and discuss the transition to a
continuous description. Finally, Section 2.4 is devoted to the special case
where the initial state of the system (at ¢ = 0) is spatially uniform. For such
systems the kinetic equations are comparatively simple.
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2.1. Contributions Due to Reactions

Let us start from the master equation (2.4) and consider only the
reaction part Ty. The contributions, due to Ty, to the kinetic equations for
the averages, the covariances, and the correlation functions will be
discussed in this order.

The contribution due to reactions (subscript R) to the rate equation
for {my,> (k=0,1,.,r) may be obtained by multiplying the master
equation (2.4) with m,, and summing over all possible values of m. The
result is, for k=1,..., r,

a r
E<mka>R: ‘(29)'1 Z Kij(éik"f‘5jk‘5i+j,k)<mia(mja_5ij)>

hj=1

— v kmymoy ) (2.9a)

For k=0 one finds that

<m0a>R— 2U Z KU l+])’7 +j— r<mm(mjoz lj)>

Lj=1

+o 1Y Fmmg,» (2.9b)

i=1

The only nonvanishing contribution to the right-hand side of Egs. (2.9a),
(2.9b) comes from the term in (2.6) corresponding to cell u. Note that Eq.
(2.9) is nor a closed equation for {m,, >, due to the occurrence of the
second moment (m;,m,, > on the right-hand side.

An approximate, closed equation for {m,,> may be obtained with the
use of the Q-expansion.”>'”) The basic idea? of the Q-expansion is that the
fluctuations in large cells are small, of relative order v~"2 In this case the
occupation numbers m,, can be split into two parts, a macroscopic part
{m,,» and a fluctuating part 4m,,,

My = My, > + Amy, (k=0,1,..,r) (2.10a)

where (m,, > is of the order of v, and 4m,, of the order of v'%. Conse-

quently, the second moments in (2.9) can be expanded in powers of v as
follows

<miamjcx> = <mia><mja> + <Amia Amjcc>
= {myy<{m;y + O(v) (v>1) {2.10b)

2 Actually, to make the Q-expansion systematic, more sophisticated arguments are required,’
but these refinements are of no need here.
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The correction term on the right in (2.10) is negligibly small, of relative
order v~ !, if the cell size v is large. Thus, one finds that the contribution to
0{my, »/0t due to reactions is given by

a r
E<mka>R=“(2u)il Z Kij(éik+5jk_5i+j,k)<mia><mja>

Lj=1

= v kg y<mo > (1<k<r) (2.11a)

a ) ¥
E<mOx>R=(2u)_l Z Kij(i+j)r,i+j7r<mioz><mja>

ij=1

+ ot Er: {my y{me,» (2.11b)

i=1

provided that the cell size v is large.

Thus, the cell size v should simultaneously satisfy two conditions. On
one hand, the cells must be large (i.c., contain many clusters) in order that
the Q-expansion can be applicd. On the other hand, the cells should be
small compared to the average volume traversed by a cluster during its
lifetime, in order that the mean-field assumption within each cell is justified.
Clearly these conditions can both be fulfilled only if clusters diffuse over
large distances and collide many times before they finally react. This
requirement need not be unrealistic. For instance, Flory®® states that in
condensation polymerization generally “no more than about one
bimolecular collision in 10! between reactants is fruitful.”

Along similar lines as in (2.11), one may derive an equation for the
covariances {my,m,;», which are defined as

Kmyamyg ) = {Amy, dmyg ) (k, 1=0,1,..,1) (2.12a)

However, the resulting kinetic equations are much simpler if one considers,
instead of {my,m;», a new quantity [my,m;» that differs from the
covariances only on the diagonal, where k=17 and o= §:

iy = Cmmp) =udgmay - (U<hI<n
E<<mkamlﬂ>> (k=0orl=0)

Note that [m,,m;», with 0<k, [<r, is a mixed cumulant: it is a factorial
cumulant® only for 1<k, I<r.

To obtain an equation for [m,,m;», it is convenient to derive an
equation for the second moment {(m,,m;) first. Subtraction of the
equations for {my, >(0/0t){my>r, (M (0/0t){my, x, and (if 1<k<r)
0110,5(0/01){my, >y then yields the desired equation for [m,,m;, ». This
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equation is not closed: the right-hand side typically contains factors of the
form {m,;,m; Am;>. An approximate, closed equation, valid for large cells,
may be obtained with the use of the Q-expansion. The arguments are the
same as in (2.10). The result is

a r
% (Mg Dr =j§0 {A/(;)(t)[mjamlﬁ »+ A;]p)(t)[mkamjﬂ >}

+ 00,40 ()+0(W'?)  (v>1) (2.13)
The matrix A{(¢) in (2.13) is given by
A,‘;’(t): —v~! Z Kz)'((sik+5jk_5i+j,k)<mia>
ci=1

— 07 kb Mo,y (1<k, j<r) (2.14a)

A(()jf)(t) =y ! Z Kij(i+j) rli+j7r<mizx>

i=1

+ o7 P me,>  (1<j<r) (2.14b)
A ()= —v k{m,>  (1<k<r) (2.14c)
Af(y=v"" Z *{my ) (2.14d)

i=1

The inhomogeneity Q{%)(¢) has the form

Q(r)= —v kl{my, ><{my > (1<k, I<7) (2.152)
(N =0(1)=0  (1<k<r) (2.15b)
1 r
Q&)([):EU*2 Z Kij(i+j)2’7i+j7r<mia><mja>
Lj=1
F o me) Y P myd (2.15¢)
i=1

Note that the correction term in (2.13) can be neglected if v is large.
Finally, consider the two-time correlation functions k¥(t,, t,), which
are defined as
KB (1, 11) = Kmy,(1;) m(ta) >
= {dmy,(ty) Am(t,)) (1,21, 20) (2.16)
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The correlation functions show how the fluctuation Am s at time ¢, in cell #
is influenced by the fluctuation Am,, at the ecarlier time ¢; in cell a.
Throughout, I choose ¢, ¢, 20.

The calculation of the correlation functions consists of two steps. The
first step is the calculation of the conditional average

Amy(t)= {Amp(t) im(t,) ) (2.17)

for a given value of the fluctuations at time z,. It follows immediately from
(2.10a), in combination with (2.11), that 4m,, satisfies the linearization of
Eq. (2.11), ie

(%ZEH”> _i (1) Amp(r) +O(1)  (v>1)  (218)

where A{f)(t) is given in (2.14). The initial condition for Eq.(2.18) is
Amyg(t,) = Amyy(t,). The second step in the calculation of the correlation
functions is to multiply Am (¢) with the initial fluctuation 4m,,(¢,) and to
average over all possible values of m(¢;). As a consequence, one finds that
the correlation functions x%(z, ¢,) also satisfy an equation of the form
(2.18), ie.,

(%Kﬁf(t,tﬁ) ZAU” Y1, 1)+ 0(1)  (v>1)  (2.19)

in this case with the initial condition

KBy, 1) = Kmy (1) myg(ty)

2.2. Contributions Due to Diffusion

Diffusion (subscript D) is described by the second term, T, in the
master equation (2.4). Recall that only clusters of size k <r can diffuse:
w(l)=0. Tt is an elementary excercise (ref. 5, Section VIL6) to verify that
the contribution of the diffusion part Ty, to (8/0t){m,, > is exactly given by

0
Y (M=, Wh{my, > (2.20a)
4

where the matrix W% is related to the hopping probabilities w(¥) in Tp, as

WE =) 5. zww (2.20b)
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Similarly, one can show (ref. 5, Section VIL6) that diffusion yields the
following contribution to the rate equation for the cumulants [n,m,;):

0
é—t [merml/i Dp= Z WU;? [mpmy; > + Z Wyj.)[mk/lmlﬂ » (2.21)
A Jl

Finally, from (2.20a) it follows directly that the conditional averages
Amyg(t), and hence also the correlation functions x£%(¢,¢,), satisfy an
equation of the form (2.20a), i.e.,

i)
(5t 1) =0 % Wiie(e ) e2)
D A

The kinetic equations for the averages and correlation functions are now
found by “compounding the moments,”® ie., by combining the diffusion
terms (2.20a), (2.21), and (2.22) with the reaction terms (2.11), (2.13), and
(2.19).

2.3. The Continuum Formulation

The formulation used above in terms of a discretized space subdivided
into cells of size v, is somewhat unsatisfactory: in real, continuous systems
there is no basis for the unique position of the “cell.” Hence, the kinetic
equations should not depend on the physically irrelevant parameter v.

For this reason I transform from the cell picture to a continuous
formulation, replacing the cell index o by the spatial coordinate r and the
occupation numbers m,, by the k-mer density u,(r). The transformation
may be summarized as

Mo > u(r) (=0, 1, 1) (2.23a)
Y - f dr (2.23b)
5a;;v —4(r—r') (2.23¢c)

S W - [dr wirir) (223d)

The integrals in (2.23b), (2.23d) are over all space. In (2.23d) I have
replaced the hopping rates W) by the transition probability W (r|r’) for
jumps between r and r’. I make two more assumptions:

(i) That all jumps are small, i.¢., that the jump size |p|, with p=
r—r’, is small compared to the distances over which the averages and
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correlation functions vary appreciably. Note that {p| is of the order of the
cell diameter.

(it} that the space is homogeneous and isotropic, so that W, (r|r’) is
a function only of the jump size {p|: W (r|r")= W, (p).

Under these conditions (2.23d) can be replaced by the diffusion
operator:

Y W& D 4 (2.24a)
where the diffusion constant D, is related to the matrix W (r|r’} as
1 2
Dy=5- | do p*Wi(p) (2.24b)

Here d is the dimensionality of the system. The approximation (2.24), valid
if the jumps are small, is known as the diffusion approximation.

Let us collect our results. Start with the macroscopic law, i.c., the rate
equation for the averages {m,,>. Combination of the reaction part (2.11)
and the diffusion part (2.20a) yields

6 1 ¢
7 (60> =3 T Au(r 00 0)
+ D Auy(r, )y (k=0,1,.,7) (2.25)

The matrix A (r, ¢) is given by (2.14), with v~ '(m, > = {u,(r, ). In
(2.25) it is understood that D= 0: clusters larger than r do not diffuse. The
initial condition for (2.25) is determined by the initial distribution in the
cell model, ie., {ur,0)>=m(0)/v. The boundary condition at the
surface .S of the system is

ds-g; ugr, 1)>=0  (res) (2.26)

since jumps across the surface do not occur.

I add several comments. First, Eq. (2.25) with 4,; given by (2.14) has
the same form as the reaction—diffusion equation (1.8), but now with
D, =0if k> r. Since the parameter r in (2.25) is arbitrary, one can take the
limit 7 — oo and find that (1.8) is the correct macroscopic equation both in
the pre- and in the post-gel stage. Another remark is that the gel density
g(r,7) can now be defined as the limit » - oo of the concentrations
{up(r, t)) in (2.25). As in ref. 17, one concludes that the concept of a “gel”
has a meaning only in the infinite system, i.e., after the Q-expansion has
been applied.
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Next consider the fluctuations in u,(r, 7). In the continuum for-
mulation the covariances {my,m;;» and the cumulants [m,m;3) are
replaced by

02 mymyp ) — Lulry) uy(ry) H (2.27a)
v 2 [mgmyp ) — [ue(ry) u,(r;) ) (2.27b)
The relation between these quantities is
Loei(ry) u,(ry) ) = Kuglry) u(r;) D — 05 0(x; — 1) uglr,) )
1<k I<r) (2.28a)
= Qulr) uy(r))»  (k=0orl=0)  (2.28b)

Combination of (2.13) and (2.21) and use of the continuous description
(2.23), (2.24), (2.27) yields the following kinetic equation for [u,u,»:

0
2 [u(ry) uy(r2)
= i {Ap (e [a(r ) u(r,) ) + Ay () Loar ) up (123D }
j=0

+0(r,—13) Qu(ry, 1) + (DA, + Dy A5) [ug(ry) u(x5) » (2.29)

Here Q,,(r, 1) is given in (2.15), with o~ ' (my, > = {u,(r)), and 4,=3*/or?
(i=1, 2). The initial condition for Eq. (2.29) is

[up(ry, 0) u,(ry, 0) D
= —00(r — 1)< u(r;, 0)>  (1<k I<r) (2.30)
=0 (k=0o0r/=0)

The boundéry condition is again given by (2.26), with {u,(r)) replaced by
[u,(r) u,(r;) ». An important restriction on the covariances is imposed by
the conservation law for the total mass:

f dr, {<<u0(r1) u(ry)» + Zr: k&uglry) ul(r2)>>} =0 (2.31a)
k=1
For the cumulants [u,u,» this implies that

Jar bt ey + ¥ kGt (e}

= Kuy(r)y  (1<I<r) (231b)
=0 ({=0)
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Clearly one can take the limit r— co in (2.29), if desired, since the
parameter r in (2.29) is arbitrary.

Finally, consider the correlation functions k%*(¢,, ;). In the continuum
formulation, the correlation functions take the form

v KN, 1) > (e, 51y, 1) (2.32a)
where
KTy 1350y, 11) = Kulry, 1) uy(ry, 1) ) (2.32b)
From (2.19) and (2.22) one finds the following equation for k
a r
% K, 61y, 8 Z g(T2, 1) Ky, Xy, 1)
+ D Askulry, 651y, 1) (2.33)

The initial condition for (2.33) is

Ko, ty50y, t) = Kug(ry, 1) uy(ry, 1))

2.4. Spatially Uniform Initial States

The rest of this section is restricted to the special case® where the
system is spatially uniform at the initial time =0, ic., where m,,(0)=
vm,(0)/M or, in the continuum formulation,

u,(r, 0) =m(0)/M = c,(0) (k=0,1,..,7) (2.34a)
Moreover, I take the thermodynamic limit:
M - o0, Vow (2.34b)

where the density M/V =1 is kept fixed.

The choice (2.34) is extremely convenient, for various reasons. First,
the solution of the macroscopic equation (2.25) with the initial condition
(2.34a) is almost trivial. One finds that for all 1> 0

Cu(r, > =ct) (k=0 1, 7) | (2.35)

where ¢,(1) is the solution of Smoluchowski’s equation in the form (1.10),
with the initial condition ¢,(0) in (2.34a). Note that the solution (2.35)
satisfies the boundary condition (2.26). Second, if one is interested in
spatial fluctuations purely due to the interplay of reactions and diffusion, it

3 The more general case, where the initial distribution contains statistical fluctuations about
the spatially uniform state, is discussed in Section 5.
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is advantageous to eliminate the influence of the initial distribution. This is
precisely what is done in (2.34a). Similarly, the choice (2.34b) eliminates
the influence of the boundaries.

Apart from the drastic simplification (2.35), the choice (2.34) has the
following consequences. The cumulants [u,(r,) u,(r,) ) and the correlation
functions x,(r,, t,;1, t;) depend on r, and r, only through the relative
coordinates r=r; —r,:

Loie(ry) us(ry) D = Ejy(x, 1) (2.36a)
Ko, tas Xy, ) =Kyl 15, 1) (2.36b)

More precisely, E,; and k, depend on r only through the relative distance
[r|. This follows immediately from the fact that, due to (2.34), both the
problem and the initial condition are homogeneous and isotropic.

The equation for the cumulants E(r, ) follows directly from (2.29) as

a r
;3_tEk1(r t) Z [Ag(2) E;(r, 1)+ Ay(t) Ey(r, 1) ]

+ 0(r) Qi (1) +(Dy+ D)) AEy(x, 1) (2.37)

where 1 have defined 4 = ¢*/0r>. The matrices A,(¢) and Q,,(r) are given
by (2.14) and (2.15), with {m,, >/v — c¢,(t). The initial value for (2.37) is

Eu(r,0)= —0,,0(r) c,(0) (1<k 1<)

(2.38)
and the boundary condition reduces to JE,,/0r =0 at |r| = co. An impor-
tant property is

jdr [EO,(r, 0+ Y KEg, z)}: ety (1<I<r)
k=1
o (—o) (2.39)

This is the mass conservation law (2.31) for systems with a spatially
uniform initial state.

The correlation functions k,(r;¢, ;) satisfy the following linear
equation due to (2.33):

a r
% ku(r;t, 1) Z Y Ku(rs b, 1,) + D, Ay (r; 1, 1) (2.40)
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to be solved with the initial condition that for 1] ¢;, x,(r; ¢, £,) reduces to
the covariances.

In order to solve Eq. (2.37) for E,(r, 1), it is convenient to introduce
the Fourier transform

Fo(a, )= [ dr [exp(iq )] Ey(x, 1) (241)

which satisfies, for each fixed value of q, a set of coupled ordinary differen-
tial equations:

a r
% Frl(q, 1 z [Ag(2) Fy(q, 1)+ A, (2) Fii(q, 1)1+ Q1)
— (Dy+ D)) ¢°Fy(q, t) (242a)

Note that F,(q, t) depends on q only through its modulus |q|. The initial
condition for (2.42a) follows from (2.38) as

Fi(q,0)= —0d,c,(0) (I<k, I<T)

(2.42b)
=0 (k=0o0rl=0)
The mass conservation law (2.39), in terms of F,,(q, ¢), reads
Fo(0, 1)+ kF (0, )= —lIc,(1) (I1<igr)
o kgl kl I (2.43)

=0 (I=0)

Similarly, to solve Eq. (2.40), it is convenient to introduce the Fourier
transform £, of x,, which satisfies the following set of equations:

S 0= A0kt 1) - DML (24
I
Equations (2.42)-(2.44) are the starting point for the calculations in
Sections 3 and 4.

Before concluding, I remark that Egs. (2.42) for F,, and (2.44) for &,
have an important special case, ¢ =0. Comparison of Eq. (2.42) for q=0
with Eq. (2.23a) of ref. 17 shows that F,(0, ¢) is identical to the (factorial)
cumulants of the nonspatial problem. More precisely, one finds for 1 <k,
/< r that

Fa@0=[drBy(r,)=eu(0)  (I<ki<r)  (245)

822/54/1-2-16
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where e, is the factorial cumulant v~ *[m,m,] of ref. 17. For /=0 and k #0
one has

For(0, 1) = Fio(0, 1) = K&y, »

_ —(kck+ 5 le,k> (I<k<r) (245b)

I=1

Finally, if both k=0 and /=0,
FOO(Oa l) = << (’}}r)2 >>

= z klek[+ Z 126‘, (2450)
k=1

I=1

Here ¢, =v""? Am, is the fluctuation in the number of k-mers, and y,=
v~ Y2 Amy is the fluctuation in the mass of clusters larger than r. Similarly,
one finds that £,(0; t,, t;) is identical to the correlation functions of the
nonspatial problem. In the notation of ref. 17, one has for 1 <k, I<r

Riul0; 15, 1) =kult, 1)) (I1<k, I<r) (2.46)

whereas for k=0 or /=0, £,(0; t,, {,) is in an obvious way related to the
correlation functions for the mass contained in clusters larger than r. The
identifications (2.45) and (2.46) hold for a general (but spatially uniform)
initial distribution ¢,(0) and for all possible choices of the parameter » and
the diffusion constants D,. This shows that the nonspatial cumulants and
correlation functions, considered in ref. 17, also have great significance for
the reaction—diffusion problem considered in this paper.

3. AN EXACTLY SOLUBLE MODEL FOR THE PRE-GEL STAGE

This section is restricted to the pre-gel stage (¢ < t.), where there is no
gel, so that (for r — o0) all correlation functions E,, and k, with k=0 or
/=0 vanish. A model is presented for which the kinetic equations derived
in Section 2.4 can be solved exactly. The diffusion constants characterizing
this model are given by

Di=D (k=1,2.) (3.1a)

i.e., the diffusion constant is chosen to be independent of the cluster size.
The presentation is restricted to wmonodisperse initial conditions,
corresponding to

u,(r, 0) =9, (3.1b)
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The equal-time correlation functions (covariances) are calculated in Sec-
tion 3.1, the two-time correlation functions in Section 3.2. The covariances
may also be calculated exactly (in terms of their generating function) for
general initial conditions u,(r, 0) =c,(0). These results for general initial
conditions are presented in the Appendix.

3.1. The Equal-Time Correlation Functions

To calculate the covariances u,(r,) u,(r,)», let us consider first the
cumulants* E,,(r, t) in (2.37) or, rather, their Fourier transform Fy,(q, t).
The Fourier transform F,, may be calculated from Eq. (2.42) with r= o0
and D, = D. In the pre-gel stage, Eq. (2.42) reduces to

a fes]

. Fulg, t)= Z (A Fy+ ApFg]+ Qu— 2Dg*Fy, (3.2a)
j=1

where in this case k, /=1, 2,.... The matrices 4,, and Q,, are given by

Ay(t)= — Z K0+ 06— 06,14 cilt) (3.2b)

Qult) = —klci (1) ¢,(2) (3.2¢c)

Equations (3.2b) and (3.2¢) follow directly from (2.14a) and (2.15a), with
<M /v —c,(t) and r= co.

In the Appendix, Eq. {3.2) is solved for general initial conditions with
the use of generating function techniques. For monodisperse initial
conditions, this result for the generating function may be inverted to yield
the following, surprisingly simple, expression for Fy,(q, ¢):

Fri(q, 1)=ex(t) x(q, t) (3.3a)

where

x(g, )= (1—1) e 229" [1 +j0 dr(1—1)2 emﬂ (3.3b)

and e,,(¢) is the factorial cumulant of the nonspatial problem, discussed in
ref. 17:

e {ty= —(1—1) kic,(t) c,(1) {3.3c)
Here ¢,(¢) is the concentration of k-mers, given in (1.13).

 Note that in the pre-gel stage E,, (with £, /=1,2,.} is simply a factorial cumulant.
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We can verify, by inserting (3.3) into (3.2), that (3.3) is indeed the
solution of (3.2). Substitution of (3.3a) into the left-hand side of (3.2a)
gives

, 0 )
LHS(3.2a)=é,,x(q, 1) + e 5 2(g, 1) (3.4a)
ot

Similarly, the right-hand side of {3.2a) yields

RHS(323.) =X {Z (Akjejl + A[jekj) - 2quek1} - lekC[

7

= y{én+klc,c,—2Dqg%e, } — kic,c, (3.4b)

The second step of (3.4b) uses the fact that e, (¢) satisfies Eq. (3.2a) for
q =0 [see the discussion around (2.45a)]. Comparison of Eqs. (3.4a) and
(3.4b), in combination with Eq. (3.3c) for e,(¢), shows that F,(q, 1) in
(3.3a) is indeed the solution of Eq. (3.2), provided that y(q, ¢) satisfies the
following ordinary differential equation:

L1 42D = (-0 (3.5)

The initial condition for (3.5) is yx(q,0)=1, as may be seen from a
comparison of (2.42b) and (3.3a) for t=0 and k=/=1. The solution of
(3.5), satisfying y(q, 0)=1, is given by (3.3b). Note that F,,(q, ¢) in (3.3)
satisfies the condition (2.45a) for all t<t,=1.

Equation (3.3) for the Fourier transform Fy,(q, ) may readily be
inverted to yield the factorial cumulants E,(r,¢). To do this, it is-
convenient to introduce the d-dimensional Gaussian distribution with zero
mean and variance %

g(r; 0%) = (2n0?) " “? exp(—1?/20?) (3.6a)

which has
[ dr g(r; 0% explig- 1) = exp(—4o7¢?) (3.6b)

as its Fourier transform. From (3.3b) and (3.6) one can infer that E,(r, ¢}
takes the form

Ey(r, t)=ey(t) G(r, 1) (3.7a)
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with G(r, 1) given by

G(r,t)=(1—1) [g(r; 4Dr) +JI dr (1 —1) 2 g(r; 4D(t—r))J (3.7b)

As an immediate consequence, one finds the following expression for the
covariances, due to (2.28a):

Kue(ry) uy(ry) D =€ (1) G, 1) + 6,,0(r) ci(2) (3.8)

where r=r, —r,, and ¢,(¢) is given in (1.13). The second term on the right
in (3.8) is a Poisson term, and would be the only term if all numbers u,(r)
would be taken from independent Poisson distributions. The first term on
the right is always negative if t <1 (sub-Poisson distribution). This can be
viewed as an effect of the mass conservation law: a positive fluctuation in
the number of k-mers at r; implies that, most likely, there will be fewer
[-mers atr,.

A quantity of considerable interest that can be calculated directly from
{3.8) is the density—density correlation function, ie.,

p(r, 1y = Y kiu(ry) u,(rz) ) (3.9)

where r =r, —r,. An expression for p(r, t) is obtained by multiplying (3.8)
with k/ and summing over all k and /. The result is

p(r, 1) =(1~0)""[8(r) = G(r, )] (3.10)

The derivation of (3.10) used (3.3c) and the explicit form of the second
moment of ¢,(1), ie.,
My(t)= ) ke (ty=(1—1)""! (r<l) (3.11)

k=1

An expression for the Fourier transform p(q,¢) of p(r,¢) follows
immediately from (3.10) as

pla, )=(1—1)""[1—x(q1)] (3.12)

since y(q, ¢) and G(r, t) are related by Fourier transformation.
What happens when the system approaches the gel point r,=1? To
see this, consider Eq. (3.3b) for x(q, ¢). In the limit 711 one finds that

x(q, 1) > 1 (t11) (3.13a)
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irrespective of the value of q. In terms of G(r, ¢) this implies that
G(r, t) - (r) (1 (3.13b)

Thus, we arrive at our first conclusion: as ¢1¢,, the covariances {u u, ) in
(3.8) assume the form of a delta peak, implying that the width of the spatial
profile of the fluctuations vanishes near the phase transition.

The leading behavior (3.13) yields insufficient information to study the
behavior of the density fluctuations as ¢ 1 ¢.. This may be seen directly from
(3.10) or (3.12). The next order in (3.13a) is

x(q, 1) =1+2Dg* (1 — 1) In(1 — )+ O(1 — 1) (t11 (3.14)
so that

j(q, t)~ —2Dg’In(1—1)—» 0 (t11) (3.15)

Hence the second conclusion is that the density fluctuations diverge at
all length scales as r1¢, or, alternatively, that the spatial fluctuations in
the density are extremely large. An immediate consequence is that the
continuum approximation, which is based on the assumption that the
correlation functions are smooth, breaks down shortly before 7. the
present methods cannot be used to study the model D, =D in the post-gel
stage. Physically this is obvious: in the model (3.1) large clusters are much
too mobile. Due to this large mobility, large clusters can be brought
together to react, whereas they would stay apart without diffusion. In this
manner large clusters contribute significantly to the fluctuations in the
density, particularly in the vicinity of the gel point.

3.2. The Two-Time Correlation Functions

Next consider the behavior in the pre-gel stage of the correlation
functions #,(q; ¢, ¢,), which satisfy Eq. (2.44) with k,/=1,2,.. and r= o0,
ie.,

Ay(O) K@ 1, 1) = D@*Rpla: . 1)) (3.16a)

1

J
EKIk(q; Lt)=

" 18

J

The matrix A, is given in (3.2b). The initial condition for (3.16a) follows
from the fact that, for 1] ¢;, £,(r; t, 1,) reduces to the covariances

Ru(q; £y, 1) = Fu(q, 1) + 0 ci(ty) (3.16b)

Equation (3.16) may be solved in two steps. In the first step, eliminate the
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explicit q dependence in (3.16a) by transforming from £, to a new function
ay, defined as

ap(@ 1, 1) = Rylgs 1, 1) 27071 (3.17)

Substitution of (3.17) into (3.16a) and use of the explicit form (3.2b) of
the matrix A, (¢) shows that a, satisfies the following set of ordinary
differential equations:

a oo
a—alk(q; Lt)= z Ay(t)ay(q;t, 1)
! 2

= ~—lCIZjajk——la1k+ Z ijciajk (3183)
J

i+j=1

The initial condition for Eq. (3.18a) is the same as for K,(q; ¢4, £,), i€,

ag(q; ty, 1) = Fi(q, 1) + 0x¢(2)) (3.18b)

Note that a, depends upon q only through the initial condition.

The second step in the calculation of K, is to eliminate the first term
on the right in (3.18a). To do this, observe that the sum 3, ja, is constant
for all t< 1.

Yjap(q; t, ty)=const=o,(q, 1;) (t,<t<t,=1) (3.19a)
j

This may readily be demonstrated from Eq. (3.18a) by multiplying this
equation with / and summing over all /. The value of «,(q, ¢,) follows from
(3.18b), (3.3), and (3.11) as

o, 1) = kei(1)[1 = (g, 11)] (3.19b)

Furthermore, let us transform from a,, to new functions b, defined as

bula; 8, 1) = aylqs £, 1))+ le, (1) o (q, £ )2 — 1) (3.20)

and satisfying an equation of the form (3.18a), but now without the first
term on the right-hand side:

0 iy
bl t)= 3 dei(t) bulast, 1) — bylq; 1, 1) (3.21)
at i+ j=1
The initial condition for b, is the same as that for a,, given in (3.18b).
-The problem (3.21) has been solved in ref. 17. The result is that
bu(q; t, t,) is linearly related to its initial value at =1, as follows:

0

bulg; 2, 1) = Z Yu(t, 1) bulq; £y, 1) (3.22a)

j=1
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where the evolution matrix Y, (7, t,) is given by

(11— jt))

Yy(e, 1) =j(t—1t,) ettt (3.22b)

(=)
The matrix Y has the property
Y Yyt 1) jey(2) =ley(2) (3.23)
i=1

From Egs. (3.17), (3.20), (3.22a), and (3.23) it then follows that
Kul(q; 15, 1) is related in a simple way to the correlation functions x,(z,, £,)
of the nonspatial problem [see (2.46)]

Kulq; £, 1) = e_qu(tr“){’clk(tm ty)

+ (1= 1) kley(ty) ¢)(£2)[1 = x(q, t1) 1} (3.24a)

The explicit form of x,(z,, ¢;) has been calculated in ref. 17. The result is

Kulla, 1) = Yylty, 1) cp(t,) — (L —2;) klei (1) ¢/(2,) (3.24b)

Note that £, in (3.24a) reduces to k,(t,, t;) for q=0. Further note that
the second term on the right in (3.24a) vanishes if ¢, is chosen at the gel
point (z,=1).

Equation (3.24) may be inverted with the use of (3.6) to yield an
expression for the correlation functions k,(r; t,, t;). The result s

kulrs ty, 1) =xylty, 1) g(r; 2D(t, — 1))

+ (1 —t;) kleg(ty) c,(22) L g(x; 2D(t, — 1)) — G(x; t5, 1) ]
(3.25a)

where
Gl b3 1)) = (1 —1,) [g(r; 2D(6,+1))

+ j dr (1—1)"2 g(r; 2D(t2+t1—21))] (3.25b)
0

Thus k,4(r; £5, t;) is a superposition of Gaussians. The first two terms in
(3.25a) correspond to correlations formed between ¢, and ¢,. The last term,
proportional to G(r;¢,, t,), represents correlations spreading since =0
[first term on the rhs of (3.25b)] or since some time ¢ with 0 <t <1,
[second term on the rhs of (3.25b)].
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An interesting interpretation of Eq. (3.25a) may be obtained as
follows. Consider the fluctuations in the mass density, which [for D, as in
(3.1)] are purely due to diffusion. The correlation function p(r; ¢,, ¢,) for
the mass density is defined as

p(r; 15, 1) = ) kI ulry, 1) uy(xa, 1)) (3.26)
K,

(with r; —r,=r), and may be calculated from (3.25a) by multiplying with
k! and summing over all £ and /. The result is

p(rs 1y, 1) =(1—1,)"" [g(r; 2D(1, = 1,)) — G(r; 15, 1;)] (3.27)

In the derivation of (3.27), Eq. (3.11) was used for M,(z). Note that the
first term in (3.25a) does not contribute to p(r; t,, t,), due to (3.24b) and
(3.22b). Thus, one arrives at the following interpretation of Eq. (3.25a). The
first term on the right, proportional to the nonspatial correlation functions
Ku(t,, 1), represents the fluctuations within each cell, purely due to
reactions. The second term, proportional to p(r;t,,t,), represents the
fluctuations in the mass density and hence is purely due to diffusion. A
similar interpretation holds of course for (3.8), which can be obtained from
(3.25) by setting 1, =1¢,.

4. FLUCTUATIONS IN THE POST-GEL STAGE

In the previous section it was shown that the model (3.1), ie, D, =D
(all k), leads to a divergence of the density fluctuations as ¢7¢,.. For this
model the method of this paper breaks down at the gel point. In this
section I show that the divergence of the density fluctuations at the gel
point is an artefact of the model (3.1), where large and small clusters are
equally mobile.

Therefore, to study the post-gel stage, we want a model where smali
clusters are mobile and large clusters are not. The simplest model of this
form is

D,=D (k=1,.,5s); D=0 (k>y) (4.1)

The cluster size s in (4.1) represents the boundary between small and large
clusters. As it turns out, the model (4.1) is still too complicated to be
solved in all detail. I have only been able to calculate the covariances. The
solution is valid only if the initial state is monodisperse [see (3.1b)]. Even
then, some of the results are not very explicit. Nevertheless, one can extract
sufficient information to study the post-gel stage.
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Let us start from Eq. (2.42) for the Fourier transform F,(q, t) of the
cumulants E,(r, t). In the derivation of (2.42) it has been assumed that
D, =0 for all k> r. Hence, any equation of the form (2.42) can be used to
study the model (4.1), provided that r =s. Below I choose »=3s.

The solution of (2.42) for ¢ =0 was found in Section 2, Eq. (2.45). A
convenient short-hand notation is F,,(0, t) = e,,(¢), where

ew(t) = ~(1— 1) kley(t) ¢,(1) (1<k, I<5) (4.2a)
exolt) =eqe(t) = —ke, ([1+ (1 —-1) MP()]  (1<k<s) (4.2b)
eoo(t)=MP()[1+ (1 —1) M§) ()] (4.2¢)

In (4.2) T introduced the partial moments M (1) =Y5 _ |, k”c,(t). Note that
M$)(¢) has a finite peak near the gel point ¢,. This peak is higher for larger
values of s.

A subtle point that becomes relevant in this section is the initial
condition for Eq. (2.42). In the present case, the condition formulated in
{2.42b) is too weak. This may be seen as follows. At the initial time 1=0
the fluctuations are delta correlated, ie., the spatial profile of E,(r, 1)
reduces to a delta function as ¢ | 0. This information is lost in (2.38) if it so
happens that the prefactor of d(r) vanishes for = 0; hence, it is always lost
for k=0 or /=0. This defect may be cured by imposing the stronger initial
condition

E,(r, t)/j dr Ey(r, 1) - 8(r)  (¢10) (432)

or, equivalently,
Folq, /e (t) > 1 (£10) (4.3b)

where e,,(t) is given in (4.2).
The solution of Eq. (2.42a) for F,(q, t), with the initial condition
(4.3b), r=s, and D,, as in (4.1), has a very simple form for all 1 >0, namely

Fu(q, t)= —klei () c;(t) (g, 1) (1<k,I<5) (4.4a)
Frolq, 1) =e4o(?) 32(q, £) (I1<k<s) (4.4b)
Foo(q, 1) =eqo(?) x3(q, 1) (4.4c)

Thus, the k, / and the q dependences in F,, separate, as was found for the
pre-gel solution (3.3a) in Section 3. Note that the &, / dependence of F, is
the same as that of the nonspatial cumulants e, in (4.2). The form of
y:(q, 1) (i=1,2,3) for q=0 follows immediately from (4.2) as (all 1= 0)

Xl(oa t)= 1—1¢

45
(0, 1) = 15(0, 1) =1 (4.5)
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Furthermore, the initial condition for y,(q, ) is
(g, 0)=1  (i=1,23) (4.6)

This follows directly from Eq. (4.3).

To verify that (4.4) represents a solution of the kinetic equation
(2.42a), substitute (4.4) into (2.42a) and find that (4.4) is indeed the
solution, provided that the functions y,(q, 1) satisfy the following coupled
differential equations:

i(g, ) =1-2[1+(t—1) MP(1)] 1, — 2[M$(t) + Dg*] x; (4.72)

72(q, 1) = M(t) Qoo()[x1 + (= 1) x21/e0o(?)
+ (X3 —12) MP(t) — Dg*y; (4.7b)

13(a, 1) = —2Q00(1)(x2 — 13)/M5(1) + (1 = x3) Qoo(t)/e0o(t) ~ (4.7¢)

The matrix elements Q,, have been defined in (2.15¢). Recall that
1 Ky
Qool?) =3, Z g i sei(t) (1) +co(t) M(2)  (4.8)

where ¢y(¢) represents the mass of clusters larger than s. The derivation of
(4.7) used the fact that the cumulants ¢,,(¢) in (4.2) satisfy Eq. (2.42a) with
q = 0. Furthermore, the explicit form of the matrix 4,, was used in (2.14) to
show that Y5 _ | kAgicr= Qg Note that Eq. (4.7) has the structure of a
linear, inhomogeneous, first-order differential equation for the vector

x(q, 1):

0
5ﬂm0=ﬂ0ﬂ%0+w0 (4.9)

where B(¢) is a 3 x 3 matrix. The solution can formally be written as a time-
ordered exponential (see ref. 5, Section XIV.7), but such expressions are not
very transparent, and can be omitted here. Nevertheless, this result has two
important consequences. First, the solution of (4.9) with the initial con-
dition (4.6) is unique. Second, the solution is finite for all finite values of .
Before analyzing the detailed behavior of yx(q,7) in (4.7), let us
consider the density fluctuations in the model (4.1). From the definition

p(r, )= <<|:k§1 kug(ry ) + uo( 1)][1; T, (r,) + uo(rz)]>> (4.10)
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it follows that the Fourier transform j(q, #) of p(r, ¢) is given by

plg, )= )Y Kkl(Fy+0uc)+2 Y kFpo+ Fo

= MP(t) = 1:(, DIMP ()] + [13(q, 1) = 222(0, 1) ] enolt)  (4.11)

This result is finite for all >0 due to the finiteness of y{q, ¢). This leads to
my first conclusion: the divergence of j(q, ¢) at ¢, in Section 3 is an artefact
of the model (3.1).

In the following 1 analyze the behavior of the functions y,(q, ¢} for
various combinations of q and 7. Four different limits will be studied: the
limits of large and small wave vectors (g — oo and ¢ — 0), the limit z — oo,
and, finally, the limit s — co. These limits are treated separately; the results
are presented in Sections 4.1-4.4. From these results 1 calculate the upper
critical dimension (Section 4.5). Section 4.6 formulates the conclusions.

4.1. The Limit g - o0

The behavior of y;(q, ¢) for ¢ > oo corresponds to correlations at short
distances. Recall from (4.3) that, initially, the fluctuations are delta
correlated, leading to the finite value y,(o0, 0)=1 in (4.6). For all 1> 0 the
delta functions in y,(q, ¢} and y,(q, {) have broadened due to the diffusion
terms in (4.7a), (4.7b). Hence, one expects that, for all 1>0, y,(c0, t)=
¥,(00, 1)=0. No diffusion occurs for clusters of size k> s (corresponding
to y3). Hence, one expects y;(o0, t)>0 for all > 0.

To show that these ideas lead to a consistent large-g solution, consider
Eq. (4.7¢c) for y5(q, ¢). Elementary integration, with y,(co, 1) =0, yields

(0, 1) =1 +L dr 1(1, ) (4.12a)

where

o 0wl) [ (O] Qlt")
L 0)=2gmen | = L (S5 24 )} @120)

Since Qoo(f) > 0 for all £ > 0, it can be inferred from (4.12) that y;(o0, ¢) > 1
for all t>0, ie., that local correlations between large clusters are more
pronounced for 7 >0 than they are at 7 = 0. Note that these correlations are
finite: y;(c0, £) < oo (all < o0). Let us calculate the large-g behavior of y,
and y,. Formal integration of Egs. (4.7b) and (4.7a) shows that for g > o«

x2(Q, 1) ~ x3(00, 1) M§N1)/Dg*> (g — ) (4.13a)
21(q. 1) ~ 1/2Dg? (4.13b)
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As expected, one finds that y, — 0 and x, — 0 as g — 0. The behavior of g,
and y,, proportional to (Dg*)~! as q¢— co, is not unusual in diffusive
reactions: another example is the pre-gel solution (3.3b).

4.2. The Limit g—0

The behavior of y,(q, f) for ¢ — 0 is of the form

104 ) =50, ) +n,(t) D@’ + -~ (g—0) (4.14)

where y;(0, t) is given in (4.5). Substitution of (4.14) into (4.7) yields three
coupled differential equations for the coefficients #, in (4.14),

i) =2(1=1)=2[1+ (1= 1) M ] 1, —2Mn, (4.15a)

Ha(t) = =1+ (Qoo M$/eno) 11,
+ [(t—1) Qoofeco— 11 M, + My, (4.15b)

f3(t) = —2(Qoo/ M$) 12+ (2Q00/ME’ — Qgo/e0o) 13 (4.15¢)

The equations are to be solved with the initial condition #,(0)=0
(i=1,2,3).

4.3. The Limit t—» o

To obtain a first impression of the long-time behavior of y,(q, ), let us
take the limit ¢ — oo in the results of the previous sections for large and
small values of ¢. I discuss the results for ¢ — oo first, and then those for
qg—0.

Consider the large-g result (4.12) for yx;(q, 7). From the explicit form
(1.13) of ¢,(¢) one can infer that M (¢) ~ e~ " as t — co. Similarly, it follows
from (4.8) and (4.2c} that Qu(t)~e ™' and ew(t) ~e " as t— 0. As an
immediate consequence, one finds that, for r— oo, I(¢,¢) increases
exponentially as a function of ¢, i.e.,

I(t, ) ~eT ()  (t— ) (4.16a)

with J () defined as

s Qool?) B © o Qoolt)  Qoolt)
Js(t)—ZMg)(t)expl: z+£ dt <2M5s)(t,)—eoo(t,) 1)} (4.16b)
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Note that J(t)~2e~ " as t > c0. From (4.12a) and (4.13) it now follows
that, in the combined limit, first ¢ — oo, then ¢ — oo,

x3(00, 1) ~ o e’ (4.17a)
%2(q, t)~a,/Dg*> (g 0;t—> 0) (4.17b)
21(q, 1) ~ 1/2Dg? (4.17¢)

where the constant o, is defined as o, = [ dt’ J(1').
Next consider the small-g results (4.14) and (4.15) in Section 4.2.
Formal integration of Eq. (4.15¢) yields for the coefficient #5(r) in y5(q, )

m(0)= =t mlr) 10, ) (4.18)

The large-time behavior of 5,(¢) is, due to (4.16a), given by
ns(t)~Peet (1> o0) (4.19a)
where the constant f is defined as

Bo=— | drna)a (1) (4.19b)
0

This result for #5(z) can now be used to determine the asymptotic behavior
of #,(¢) and #,(¢) as t — co. From (4.15a), (4.15b) one readily deduces that
m(e)~(2— B¢ (4.20a)
(t— o0)
na(t) ~ (B, — 1)t (4.20b)
Note that B, in (4.19b) converges due to (4.20b).

The previous results, valid for ¢ - oo and g — 0, respectively, can now
be used to study the large-time behavior of ;(q, ¢) at a fixed, positive value
of g (0<g < ). I consider y;(q, ) first, and then y, and ;.

I start with the observation that, qualitatively, y;(q, £) has the same
structure at large and at small g, namely

g ) ~1+y(q)e’  (t—> ) (4.21a)

where y.(g) — «, as ¢ — oo, and y,(q) ~ B,Dq* as g — 0. Hence, I take (4.21)
as an Ansatz for the large-time behavior for general values of ¢g. Formal
integration of (4.7c) shows, with the use of (4.16), that this Ansatz is
consistent and, moreover, that y(g) can be expressed in terms of x,(q, ), as
follows:

wla)=[ di I(0)01 = 1ola. 1] (421b)
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The convergence of the integral on the right-hand side imposes a restriction
on y, that will be verified below.

Next consider y,(q, ¢) and y,(q, ¢) as ¢ — 0. The method used to study
the large-time behavior is the same in both cases. We start from (4.7a) or
(4.7b), perform a formal integration, and analyze the result for large values
of 1. For y,(q, ¢) one finds that

106, )~ 1+ [7,(@)/Dg* —11(1 e P7)  (t-o0)  (422)

while y,(q, #) can be expressed in terms of x»(q, #) as follows:

@0~ [ d =200, 1) 2270 (1ow)  (423)

These results are valid for general g values (0 < g < o). Note that y,(g) in
(4.21b) converges due to (4.22), and that (4.22) and (4.23) reduce to the
results of Sections 4.1 and 4.2 in the limit of large or small g.

Equations (4.23) and (4.22) in combination with (4.21b) are still quite
complicated. A limit in which these expressions for y, and y, become very
simple is the combined limit t - o0 and ¢— 0 with the new variable
x = Dq’t kept fixed. In this limit one finds that

12(4. 1) = @ (x) ) (4.24a)
(x=Dg"1)
21(q, 1) > —1@,(x) (4.24b)
where ¢,(x) and @,(x) are given by
@2(X)Eﬁs+(1’—ﬁs)e_x (424C)
pr(x)=x " [ dy 2pay) =112 (4.24d)

If desired, ¢,(x) can easily be calculated explicitly. The physical relevance
of the combined limit ¢t —» oo and g — 0, with Dg?¢ fixed is that small ¢
values, of the order of (Dt)~ "2 correspond to large distances, with |r| of
the order of (Dt)"2 Such distances are particularly interesting, since (D?)'?
is the typical distance over which the correlations can spread in time ¢
Recall that the diffusion constants in (4.7a) and (4.7b) are 2D and D,
respectively.

The expressions (4.24) for the Fourier transforms y,(q, ¢) and y,(q, ?)
can readily be inverted with the use of (3.6). The results are respectively
given by

G,(r, 1) = f,6(r)+ (1 - B,) g(r; 2D1) (4.252)

Gi(r, )=~ [ di' [(2p.— 1) g(r;4D(t—1")

+2(1—B,) g(r; 2D(3t—2'))] (4.25b)
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Note that, in this combined limit, G,(r, t) and G,(r, ) take the form of a
superposition of Gaussians. Further note that G,(r, ¢) dr and t='G (r, 1) dr
can be expressed in terms of the single new variable R =r/(Dt)".

4.4. The Limit s » o

I comment on the behavior of the fluctuations in the limit 5 — oo,
where the model (4.1) reduces to the pre-gel model (3.1). As I shall show
below, the results are dramatically different in the pre- and in the post-gel
stage.

Let us start with the results for t<z.=1. In this case M{)(t)—
(1—1¢)""' as s - oo, due to (3.11), so that Eq. (4.7a) for x,(q, ¢) reduces to

11(g, 1) =1-2[(1-1)""+Dg*] 1, (4.26)

The solution is x,(q, 1)=(1—1) x(q, t), where x(q, ) is the pre-gel result
(3.3b). Comparison of the expressions (4.4a) and (3.3a) for F,,(q, t) shows
that both are identical, i.e., we recover the results of Section 3 if we take the
limit s — co in the results of this section. Strictly speaking, this argument is
complete only if we show that y,(q, ¢) and y,(q, ) in (4.7) are well behaved
as s — co. In fact, one can show, with the use of the explicit form (1.13) of
¢, (1), that x,(q, 1) — x(q,t) and yxs(q, 1) =1 if s— 0o. This justifies the
derivation of (4.26).

To obtain an impression of the behavior as s — o0 in the post-gel
stage, it suffices to consider the gel-gel correlations, represented by ys(q, 7).
For simplicity, let us consider only the behavior of x, as ¢ — oo, which
corresponds to correlations at extremely small distances. The large-¢
behavior of y; is given in (4.12). From (4.8) it follows for all > 1 that
Qoolt) ~ g(t) M;(t) as s > oo, where g(¢) is the gel fraction. Furthermore,
M$(t) > M,(1) as s — oo. The behavior of Qg (t) and M,(¢) for 1|1 is
given by'®

Qo) ~20t=1)"%  My(t)~(t—1)~" (¢l (4.27)

Insertion of (4.27) into (4.12) immediately shows that y;(co, t) diverges for
all t1>1 as s> oo:

(00, 1) ;L’ AL 1) >0 (s— o) (4.28)

This may be seen from Eq. (4.12b), which implies that Z,(¢, t') oc (' ~1)~*
as t'| 1. Hence the integral in (4.28) diverges at its lower boundary. The
divergence of the gel-gel fluctuations in (4.28) leads to the same conclusion
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as was found below Eq. (3.15): for the model (3.1}, corresponding to s = o,
the method of this paper breaks down at the gel point ¢.. Note, however,
that such problems do not occur for any description with s < o0.

4.5. Calculation of d,

The previous large-time results for the spatial fluctuations in the
post-gel stage (Section4.3) can be used to calculate the upper critical
dimension d, in the model K;=ij, with D, given by (4.1). The upper
critical dimension is the dimension above which a mean-field treatment is
allowed, i.e., above which the macroscopic law is correctly given by the rate
equations (1.10).

The fundamental equation in the argument is (2.9a), which gives an
exact description of the time evolution of the averages {(my,(¢)), with k=
1,..., r. This equation may be written in the form

% My > r = Si(2) + Fi (1) (k=1,.,r) (4.29)

where S, (z) represents the right-hand side of Eq. (2.11a), and F(z) is the
correction due to fluctuations:

Fk(t):—(Zv)_l z': K{g‘(éi&+5jk_5i+j,k)[miamja>>

Li=1

- Uklk[mkamOOc >> (430)

The cumulant [---) has been defined in (2.12b).
The mean field assumption is that the contributions F, in (4.29) due to
fluctuations are negligibly small, i.e., that

R(1)=F(2)/S,(r) <1 (4.31)

If this condition is fulfilled, then the macroscopic law is given by (2.11a).
The condition (4.31) is clearly fuifilled in any dimension at shkort times,
because the fast diffusion (D> 1) smoothes out possible fluctuations.
Whether (4.31) is also correct at large times depends on the space dimen-
sion d. One finds that R,(o0) <1 above some critical dimension ., and
R, (00)= 0 if d<d,. The calculation of d. is the subject of this section.

To determine the value of d,, start from the definition (4.31) of R, and
calculate R, within the mean field approximation, assuming that (1.10)
holds. As stated above, this is allowed in any dimension at short times, and
for all t>0 if d>d,. From the explicit form (1.13) of ¢,(r) one finds that
the large-time behavior of S,(¢) is given by

Sp(1) ~ —vkci (1) (t—o0) (4.32)

822/54/1-2-17
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Similarly, the dominant terms as ¢ — oo in (4.30) follow from (4.4) as
Folt)~ =0 k[myumo, » ~ =k | dt Eqofr, 1) (4.33)

where the r integral is calculated over a cell of size v, centered around the
origin. Combination of Egs. (4.33), (4.32), and (4.31) then yields for the
large-time behavior of R, ()

Ry(n)~ v [ dr Eeofr, 0)fe,()
~ =0 j dr Gy(r, 1) (4.34)

where G,(r, ¢) is the inverse Fourier transform of y,(q, ¢) in (4.4b).

The spatial profile G,(r, ¢) of the sol-gel correlations may be deter-
mined from Eq. (4.22). From (4.17b) we know that for small distances, or
large g values, y,(q) — «,, so that y,(q, ¢) in (4.22) may be written as

1@, 1) ~ e~ PP 4o j di’ e PP (435)
0
This equation may readily be inverted to yield
Gy(r, 1) ~ g(r; 2D1) + 1, j dt' g(v; 2Dr') (4.36)
0

where g(r; 6?) is the d-dimensional Gaussian distribution (3.6a). With the
use of (4.36) and (4.34) it is now easy to show that R,(¢) remains finite for
all t>0if d>2:

R(t) oc —o,kv?~ D=1 (t > 00;d>2) (4.37a)

while R, (t) diverges for d<2:
R.(t) oc —a,kD 'logt (t—=o0;d=2) (4.37b)
R(t) oc —a,k(t/D)"? (t—o0;d=1) (4.37c)

The unspecified numerical prefactors on the right in (4.37a)-(4.37¢) are all
of the order of unity.

From (4.37) it immediately follows that the upper critical dimension is
d.=2, since R,(t) diverges if d<2 and remains finite (and small) if 4> 2.
The fact that R (o0) is small for d> 2 follows from the assumptions v > 1
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and D> 1. As a remark I add that above d, was calculated from the kinetic
equation (2.9a) for (m(t)>, with k= 1,.., r. One could equally well have
started from Eq. (2.9b) for the mass {my(¢)), contained in clusters larger
than r. In this case one finds of course the same result, d. =2, independent
of the reactant under consideration.

4.6. Conclusions
The main results and conclusions are as follows.

1. The divergence of the density fluctuations at ¢, found in Section 3
is an artefact of the model (3.1) with s = co. This divergence does not occur
in the model (4.1).

2. Section 4.4, which considered the limit s — oo, shows that the
results for the model (4.1) depend sensitively on the value of s, at least in
the post-gel stage. In the pre-gel stage the results are relatively insensitive
to the choice of s.

3. A physically interesting limit is the limit 7 —» oo and ¢ — 0 with the
combination x = Dg?t fixed. In this case the results are very simple. For
1<k, I<s one finds that Fy,(q, 1) —» ey (¢) ¢,(x); for /=0 it follows that
Fio(q, 1) = eo(t) @2(x). The form of ¢,(x) and ¢,(x) is given in (4.24).

4. The large-time behavior of the gel-gel correlations is given by
Foo(q, t) ~7v,(q) as t — co. Hence the covariance E,(r, 1) approaches a con-
stant spatial profile at large times. From the fact that y (g) ~ «, as g —» oo it
follows that the variance of the gel mass contained in small subvolumes V,,
is given by a,V, at 1 - co. If the gel mass were distributed independently
over the subvolumes V, according to Poisson statistics, one would find V,
for the variance. The factor «, therefore gives the deviation from the
Poisson result due to the combined influence of reactions and diffusion.
Note that a;, — o0 as s — 0.

5. In many results, such as those of conclusion 3 and 4, the s
dependence enters only through numerical prefactors like «, and §..
Hence, different values of s in (4.1) lead to a different magnitude of the
fluctuations, and not to qualitatively different behavior. Recall that «, and
B, become large for large values of s.

6. In Section 4.5 it was shown that the upper critical dimension in
this model is d, = 2. However, from (4.37b) and (4.37c) it follows that the
mean field assumption (4.31) is correct also below the upper critical dimen-
sion (i.e., for d < 2), provided that one restricts oneself to times that are not
too large: t St,, where ¢, =exp(D/ka,) if d=2, and ¢, = D/(ka,)? if d=1.
Since it was assumed that the aggregation process is reaction limited
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(D> 1), it can be inferred that the mean field results are also applicable in
d=2 for any practical purpose, and in d=1 at least for a considerable time
interval.

7. On the other hand, it is also manifest in (4.37a) that the
fluctuations may become large even for d>2: (i)if «, is large (which
happens if large clusters are very mobile: s> 1); (ii) if the cluster size k is
large; in this case the fluctuations become large because of the large
reactivity (short lifetime) of a k-mer; (iii) if the diffusion constant D is
small, which corresponds to diffusion-limited aggregation. This limit is not
considered in this paper.

5. DISCUSSION

In this paper I studied the spatial fluctuations in coagulating systems
with rate constants K;=ij and diffusion constants D,. The starting point
was a master equation for a cell model, where clusters react within each
cell, and jump between cells. From the master equation I derived
approximate kinetic equations for the average occupation numbers (con-
centrations) and for the fluctuations about those averages (equal-time and
two-time correlation functions). The basic assumption underlying the
derivation of these equations is that clusters diffuse over large distances
(much larger than the cell diameter) before they finally react. In this case
one can apply the Q-expansion within each cell, assuming that the cells are
large (ie., contain many clusters). Furthermore, one can transform from
the cell picture to a continuum formulation, replacing the jump constants
by a diffusion operator.

I start the discussion with some comments on the method of this paper.
For this purpose I focus on the basic assumption, that clusters diffuse over
large distances before they finally react. The average (RMS) distance /(k)
traveled by a k-mer during its lifetime is given by

I(k)=(2D1,)""* (5.1)

where D, is the diffusion coefficient of a k-mer and 7, is its average lifetime.
In reaction—diffusion processes, the distance /= (2Dz)* defines an impor-
tant length scale.?® It is known as the Kuramoto length.”>) From (5.1) it
follows immediately that our basic approximation, that /(k) is large com-
pared to the cell size, cannot be correct for very large clusters, since /(k)
vanishes as k — co. Two effects tend to decrease /(k). First, in physical
systems one expects that D, — 0 as k — oo. Second, for the rate constants
K, =ij considered in this paper, one has 7, —0 as k — co. The latter fact
may not be.so obvious, and will be discussed next.

To calculate t,, consider a cluster of size k, brought into the system at
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some time ¢, 0. The probability that the k-mer has not yet reacted at the
(later) time > ¢, is denoted by P.(¢). For a spatially uniform initial dis-
tribution, this probability satisfies a simple master equation. The transition
rates for a reaction in cell « are

Ti(t)=v=" Y Ky(my, — 8y) (5.2)

or, to leading order in the cell size v, T, (7) = k. T used that, on the average,
the mass density is equal to unity for all r>0. The master equation for
Pi(t) is

Pi(t)= —kPy(1) (5.3)

The solution has the form P (7)=exp[ —k(t—1,)] (all t>1,). As a
consequence, one finds that t, is, for all times 7y, >0, given by

rk=f°° di (1— 1) Po(t)=1/k (5.4)

0

Hence 7, vanishes as k — co. Clearly, the physical explanation is that large
clusters are very reactive, implying that their average lifetime is very short.

The Kuramoto length now follows from (5.1) and (5.4) as I(k)=
(2D, /k)"?. From the fact that (k) >0 as k— oo, I conclude that this
method is inaccurate for clusters with a Kuramoto length smaller than the
cell diameter: k > k,, with /(k,)=v"" Fortunately, the contributions of
such large clusters to the rate equations for the smaller clusters (k < k) are
exponentially small, of the order of ¢, (). Hence I conclude that, although
large clusters are treated inaccurately in this method, the resulting error in
the quantities of interest is negligibly small.

Next I comment on the exactly soluble models discussed in Sections 3
and 4. The diffusion constants corresponding to these models are D, =D
(k=1,2,..) and D, =D (1<k<s), D,=0 (k>s), respectively. On one
hand, these models are complementary, since large clusters are extremely
mobile in the former and completely immobile in the latter model. On the
other hand, the model of Section 4 reduces to that of Section 3 in the
limit s — co. Combination of both models thus yields some insight into
the possible behavior of the spatial fluctuations in (reaction-limited)
aggregation processes.

In the model D, =D (k=1,2,..), large clusters are clearly much too
mobile. The large mobility of large clusters is unimportant at short times,
since in this case large clusters are scarce. Artefacts are to be expected only
in the vicinity of the gel point. Examples of such artefacts are the divergence
of the density fluctuations at ¢ — ¢, and the vanishing width of the spatial
profile G(r, 7) in (3.7b). These results are not realistic: in the models of Sec-
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tion 4 on¢ does not find a divergence of the fluctuations or a contraction to
a delta peak. Nevertheless, the model (3.1) reveals very clearly and
explicitly the tendencies present also in the model (4.1). For this reason I
consider the results of the model (3.1) in some more detail.

One of the more remarkable features of the model (3.1) is that the
spatial profile of the fluctuations contracts to a delta function:
G(r, t) — 4(r) as t — ¢, In reaction—diffusion systems one would expect that
the correlations spread out, i.c., that the width of G(r, t) increases, rather
than decreases, in the course of time, The explanation of this paradex lies
in the definition of the width of a distribution. Many different definitions
are possible, and, as I shall show, lead to different results. For definiteness,
define the width of G(r, ) as

<r>1zjdr =+ G(r, z)/f dr ir)* G(r, 7) (5.5)

and consider the behavior of {r>, for various choices of the parameter «.
Note that correlations at large distances are emphasized if the value of « is
large. The use of Eq. (3.7b) for G(r, t) leads to the foillowing results. The
physically expected behavior, where {r), increases as a function of time, is
obtained if one chooses a > 2. In this case the value of {r), at ¢, is finite, of
the order of (Dt} For «.<2 one finds that {r), -0 as t— .. Thus, one
arrives at the following physical picture. If one concentrates on large
distances and chooses a large value of « (i.e., «>2), then the correlations
spread out, as expected, with a diffusion constant 2D. However, if one
chooses a<2, one emphasizes the short-range correlations whose
amplitude diverges as t — 1.

Now consider a second remarkable result of the model (3.1), namely
the divergence of the density fluctuations at the gel point ¢.; I address two
questions: (1) how can this divergence be understood intuitively, and
(2) does it occur also for other models? The answer to the first question is
simply that, due to their large mobility, large clusters contribute
significantly to the fluctuations in the density. This effect becomes impor-
tant in the vicinity of the gel point, where the number of large clusters is
large. The answer to the second question is more technical, and will be
discussed next.

Consider in general a model with diffusion constants D,. An equation
for the (Fourier-transformed) density—density correlation function p(q, ¢)
can be obtained by multiplying Eq. (3.2a) with &/ and summing over all £
and /. The result is

o . 3 '
% pla, )= —2¢ Y ijD,F;(q, 1) (5.6)

[
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Note that Eq. (5.6) is not a closed equation for j(q, ¢) and that F;(q, ) is
not known exactly. However, we are interested only in the behavior of
p(q, 1) as 111,.. For this purpose it is possible to argue as follows. Assume
that, for some >0, D, ~Dk # as k— co. For the model D,=D it is
found (see the Appendix) that F,(q, t) approaches a scaling form as 71,
independent of the details of the initial distribution. More precisely: in the
scaling limit, F;(q, t) — e;(¢), where e;(¢) is the factorial cumulant of the
nonspatial problem. Note that the same scaling form leads to a consistent
solution of Eq. (3.2) for general choices of D,. Replacing F(q, t) on the
right-hand side of (5.6) by e;(#) and approximating the sums by integrals
shows that in the vicinity of 7,

0
FAC R oc Dg(t,—)*~" (1Tt 8<3) (3.7)

while 0p/0t — const if §> 1/2. The prefactor on the right in (5.7) is positive
and of the order of unity. It follows immediately from (5.7) that the density
correlations remain finite for all f>0. For f=0 one finds that j(q, 7)
diverges as t11¢,, proportional to |In(z. - ¢)|, in agreement with (3.15).

Another interesting feature of both the model (3.1) and the models of
Section 4 is the role played by the Kuramoto length. In the literature2%
the distance / traveled by a particle during its lifetime is identified as a
statistically important length scale: in volumes much smaller than /¢ the
fluctuations in the cluster size distribution obey Poisson statistics. On the
other hand, if one considers a subsystem much larger than /% the fluc-
tuations are the same as for the well-stirred case. The results in this paper
are somewhat different. In Section 3 it was found that, although each
cluster size k has a different Kuramoto length /(k), defined in (5.1), there is,
for all cluster sizes k, only one length that determines the boundary line
between Poisson and well-stirred statistics. This length, denoted by / is the
“width” of the function G(r, t) in (3.7b), where in this case “width” should
be defined by

j Gir. 0y dr=} (5.8)
Irl <

Similarly, it was found in Section 4 that the spatial profile of the factorial
cumulants E,,(r, ¢) is described by a single function G,(r, ¢) if we restrict
ourselves to cluster sizes satisfying 1<k, I/<s. I conclude that, in the
present models, the statistics for a particular species is not determined by
the Kuramoto length of that species, but rather by some “average”
Kuramoto length in the system.
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Next I comment on the significance of the nonspatial model*’*" for
reaction—diffusion systems. In the nonspatial (or single-cell) model it is
assumed that all pairs of i- and j-mers are equally likely to form a bond.
The usual interpretation>® is that either the system is “well-mixed” or dif-
fusion occurs so fast that the clusters are able to traverse the entire system
before they finally react. In reaction—diffusion systems of macroscopic size
these possibilities are both somewhat unrealistic: diffusion is usually not
that fast, and mixing with microscopic finesse would be more than
miraculous. Here I want to point out that the results from the nonspatial
model have in fact great significance for the reaction—diffusion problem, but
for a different reason. This reason is that the nonspatial correlation
functions occur in the reaction-diffusion problem as integrals over the
(spatial) correlation functions, at least if the initial state of the system is
spatially uniform. This fact is expressed by Egs. (2.45) and (2.46) for the
equal-time and the two-time correlation functions, respectively. This con-
clusion is of course also true in general for any related reaction—diffusion
problem.

The new interpretation of the nonspatial results suggests a relatively
simple way in which the present theory could be verified experimentally.
The integrated (or nonspatial) correlation functions are in principle
accessible in computer simulations. Hence one could try to extend the non-
spatial fluctuation theory"”?") to other fields, e.g., to percolation,® or to
test it in simulations of cluster—cluster aggregation processes.’) From a
physical point of view, the outcome of such experiments would be very
interesting. Similar remarks were made already in ref. 21.

In this paper it is assumed throughout that the initial state of the
system is spatially uniform. Here I comment on the possible influence of
inhomogeneities in the initial state. First, if the inhomogeneities are large
(of macroscopic size), one expects that they will partly fade out in the
course of time due to diffusion, but some reminiscences of the initial state
will always be present near the gel point. This then leads to a spatial
variation of the gel time #.(r) that will also be of influence on the final state
of the system (= o0).

Second, I discuss the important case where the inhomogeneities are
small, of relative order v~ Y2 in each cell of size v. In the notation of
Section 2.1 this means that

M(0) = ve,(0) + 0'2E,,(0) (5.9a)
where &,,(0) is of the order of unity. This is precisely what one would

expect for the spontaneous statistical fluctuations in the initial state, which
are described by a multinomial (or, since v is small, Poisson) distribution.
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In this case one finds that the average number of k-mers in cell o takes the
form

(M (1)) = vei(1) + 02 Ek(1)) (5.9b)
where {&,,> satisfies the same linearized kinetic equation (2.18), (2.22) as
Am,,. Equation (5.9b) has the following consequences:

(i) To dominant order in the ©Q-expansion one finds that
{my, (1)) =ve (1), so that the macroscopic law is still given by (1.10).

(i) The kinetic equations for the equal-time and two-time
correlation functions are still given by (2.37), (2.40).

(iii) The initial conditions, too, are the same as for the spatially
uniform case.

From this one can conclude that all results of this paper are valid also
if the initial state contains statistical fluctuations, as in (5.9a).

An extension of this paper in a different direction has already proved
possible. Here I considered only one special choice for the rate constants,
namely K, = ij. However, the method discussed in Section 2 is quite general
and can also be applied for different choices for K;. I have found two other
exactly soluble models, corresponding to the nongelling models K; =1 and
K; =i+ j. Furthermore, I have obtained some qualitative results, including
a scaling theory, for rate constants that are homogeneous functions of the
cluster sizes i and j. These results for other models will be published
elsewhere.’

Finally, I highlight the main results. In this paper I presented a new
kinetic model, describing reaction-limited aggregation, in which the spatial
fluctuations can be calculated explicitly. The model under consideration is
of special interest since it describes a phase transition (gelation), and the
fluctuations can be studied in detail, both in the pre- and in the post-gel
stage. Starting from the master equation (2.4), I showed that the
macroscopic law is given by (1.8) for all >0, and I derived kinetic
equations for the equal-time and two-time correlation functions. These
equations simplify drastically for spatially uniform initial states: in this case
the macroscopic law is Smoluchowski’s equation (1.10), and the correlation
functions depend only on the distance r = |r; —r,|.

I considered two exactly soluble models. For the first model (D, =D
for all k), T calculated the two-time correlation functions for monodisperse
initial conditions and the equal-time correlation functions for general initial
conditions. The large mobility of large clusters leads to a divergence of the
density fluctuations at the gel point 7, implying that, at 7., the method
breaks down. In the second model, large clusters are immobile: D, =D

3 See ref. 24 for the results for K, =1 and for homogeneous rate constants.
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(k=1,2,.,5), D,=0 (k>s). 1 calculated the equal-time correlation
functions for monodisperse initial conditions and found the following
results. In this model the density fluctuations are finite at all times, in par-
ticular at the gel point ¢.. The fluctuations in the post-gel stage depend sen-
sitively on the choice of the diffusion constants, i.e., on the value of 5. The
explanation is that a large contribution to the fluctuations for ¢ > ¢, comes
from the neighborhood of the phase transition (¢~ ¢,), where the number
of large clusters is large. One further finds that the correlation functions
assume a very simple form in the physically interesting limit ¢ — co and the
distance |r| — oo with the ratio r?/Dt fixed. From the large-time results it
follows that the upper critical dimension in this gelliing model is d,=2.

APPENDIX A

This appendix is devoted to the behavior of the factorial cumulants
E (r, t) in (2.37) for general initial conditions E,(r, 0) = —d,,c.(0) é(r).
First, in Section A.1, T give the exact solution of Eq. (3.2) for the Fourier
transform F,,(q, t) of E,(r, ). The result is formulated in terms of the
generating function of F,,(q, ). Next, in Section A.2, I give an explicit
result for E,(r, 1) for the special case of monodisperse initial conditions,
ie., ¢x(0)=0,,. For general (nonmonodisperse) initial distributions, the
generating function results are too complicated to yield explicit expressions
for E,,(r,t). However, one can calculate asymptotic expressions, valid at
large cluster sizes (k,/— o), and in the scaling limit. These asymptotic
results for E,(r, ¢) are given in Section A.3.

The properties of the fluctuations can be calculated only after the
macroscopic law has been solved. This is obvious from Eq. (3.2) for
F,,(q, 1), where the concentrations c¢,(¢) enter both in the linear and in the
inhomogeneous part. For this reason I recail some of the most important
properties of ¢,(z). The macroscopic law (1.10) may be solved in terms of
the generating function f(x, t) of ¢,(¢), which is defined as

flx, 0)= Y, key(t) e (A.1)
k=1

Substitution of (A.1) into (1.10) shows that f(x,t) satisfies a partial
differential equation,

of

Zi(1—

o (1-1)
which may be solved with the use of the method of characteristics. The
result is

of
=0 (A.2)

f(x, 1)y =u(xq) (A.3a)
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where

u(x)=f(x,0)= Y ke, (0) e (A.3b)
k=1
and xq(x, t) is defined as

xo{x, t)=x+tf(x, 1)1 (A.3c)

Below, we need also an expression for the partial derivative of f(x, ¢) with
respect to x:

of u'(xo)

= = A4

ox =T (x) (A4
More details concerning c,(z), or f{x, t), can be found in refs. 15 and 16 or
in Appendix B of ref. 17.

A.1. Solution of (3.2) for General Initial Conditions

I shall solve Eq. (3.2) for F,,(q, ¢) in terms of the generating function
H(x, y;q, t), which is defined as
H(x, y; q, 1) =Y klFy(q, 1)(e" ~ 1)(e” ~ 1) (A.5)
k1
Once H(x, y;q, t) is known, Fy(q, ) may be calculated by inversion of
(A.5). Formally, F,,(q, 1) may be written as a double contour integral in
the complex plane®:
1\? ¢ dw, [ dw,
where w, =e¢* and w,=¢”. The integration paths in (A.6) are closed
contours, circling the origins of the complex w, and w, planes once in the
counterclockwise direction. The factorial cumulants E,,(r, 1) may then be
calculated by inverse Fourier transformation of (A.6).
To obtain an equation for the generating function H in (A.5), multiply
(3.2) with ki(e** —1)(e” — 1), and sum over all k and . As the result, one
finds that H satisfies the following linear partial differential equation:

oH oH oH
7 T fe )] =+ 1= f(3,1)] >

ot
i o
-~ [t ]G0

d )
+ {5% (x, 1) +—a§(y, 1) —2Dq2:| H (A.7a)

¢ Throughout this appendix, i stands for the imaginary number \/— 1.
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where M,(t)=3, k’c,(t) is the second moment of ¢,(f), and f(x,¢) is
defined in (A.1). The initial condition for (A.7a) follows from (2.42b),
(A.3b), and (A.5) as

H(x, y;4, 0)=u'(x)+u'(y) —u'(x + y) —u'(0) (A.7b)

Note that, as a consequence of (A.7b), the boundary condition H=0 at
x=0 or y=0 is automatically fulfilled for all t <¢,.

In order to solve Eq. (A.7), transform (for a fixed value of q) from the
old variables (x, y, t) to new variables (z,, z,, ) defined as

n=f(xt);  z=f().1) (A.8a)

The function H expressed in terms of these new variables, will be denoted
as W, ie.,
Wiz, 2550, 1) = H(x, y; 4, 1) (A.8b)

For W, one finds a relatively simple differential equation if one uses
Eq. (A.2) for f(x, ¢), namely

aa_’j/z _<—§£ (x, t)—~M2)(§—§(y, t)—Mz)

of of 2
+<5;(x, t)+5(y, t)—2Dq >W (A.9)

The relation between &f/ox (or of/dy) and the new variables (z,, z,, ¢)
follows from (A.4), with x, (or y,) given by (A.3a), ie.,

u(xo)=1z; u(yo) =12, (A.10)

Note that df/dx and df/0y depend only on z, and z,, and not explicitly on
t. The initial condition for (A.9) is

Wiz, 25,4, 0)= H(xg, ¥o; 4, 0)
=u'(xo) +u'(yo) — t/(xo+ yo) — 1'(0) (A.11)

as follows immediately from (A.8b), (A.10), and (A.7b).
Equation (A.9), with df/dx and 0f/dy given by (A.4), may readily be
integrated. The result is

W(lezZ;qa l)

= {1 = (o) 101 — 1/ (36) 1} {W(Zn 23;4,0) e 20"

—[1—zcu'(xo)][1~rcu'(yo)]fdr(u—r)ze"”'f‘“”} (A12)

t
0
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where x, is given by (A.10), and the gel time 7, = 1/4'(0). In combination
with the initial condition (A.11), this gives an exact expression for
W(z,, z,; 4, t) and hence, due to (A.8b), for the generating function H in
(A.5).

A.2. Monodisperse Initial Conditions

The generating function W(z,,z,;q,t) in (A.12) assumes a par-
ticularly simple form if the initial distribution is monodisperse, ie., if
¢{0)=6,. In this case it follows from (A.11), in combination with (A.3b)
and (A.10), that

Wizy,25:q,0)= —(z; — 1)(z,— 1) {A.13)

Insertion of (A.13) into (A.12), where f.=1 for monodisperse initial
conditions, shows that W takes the form

(21 —1)(z2— 1)

Wizy, 2259, t)= —(l—l)_lm

x(q, 1) (A.14a)

with y(q, ¢) defined as
x(q,t)z(pz)e*quf[ufdr(1—1)2e20qZTJ (A.14b)
0

Insertion of (A.14a) into (A.6) immediately shows that the q dependence of
F./(q, t) is completely contained in y(q, ¢). Furthermore, since x(0, 1) =1, it
follows from (2.45a) that F,,(q, 1) must have the form

Fra(q, 1) =ey(1) x(q, 1) (A.15)

where e,,(t) is the factorial cumulant (3.3¢) of the nonspatial problem. It
may readily be verified from (A.14) and (A.6), or simply by inserting (A.15)
into (A.5), that F,(q, ) in (A.15) indeed leads to the form (A.14) for
Wi(z,, z,; q, t). Note that Eq. (A.15), which has been derived constructively
here, is identical to the previous result (3.3).

A.3. General Initial Conditions

For general initial conditions, the result (A.12) for W(z,, z,; q, t) can-
not be inverted exactly. Nevertheless, one can obtain simple asymptotic
results for E,;(r, ¢) in various limits. Below, I consider first the limit of large
cluster sizes (k, / - o), and then the scaling limit.
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Before deriving these asymptotic results, however, I consider
Eq. (A.12) for W(z,, z,; q, t) in some more detail. Even if this result for the
generating function cannot be inverted explicitly, it follows from (A.12)
that the structure of Fy(q, t) is given by

Fr(q, t) = ag(t) e~ 204 + Br(?) Jl dr (t,—7)7? e WPU—T) (A.16)
0

where a,, and f,, can be represented as complex contour integrals due to
(A.6). Inverse Fourier transformation of (A.16) then shows that E,,(r, ¢) is
a superposition of Gaussian distributions g(r; o?) also for general initial
conditions:

E(r, t)=o,(t) g(r; 4Dt)
Bl [ de (i~ 2 gt 4D —1)) (A7)

The interpretation of Eq. (A.17) is the same as that of Eq. (3.7b) for
monodisperse initial conditions. The first term represents correlations,
already present in the initial distribution, that have been spreading during
a time ¢, with diffusion constant 2D. The second term represents
correlations, induced by the reactions at time 7, that have been spreading
during the remaining time (z — 7). This shows that the spatial behavior for
general and for monodisperse initial conditions is very similar.

To study the (explicit) asymptotic behavior of E,(r, ¢) at large cluster
sizes, it is convenient to rewrite Eq. (A.8), (A.12) as follows:

0 0
Hix, v, 1) = a(xo, Y034, 1) (5{ (x, 1) — M)(% (5 1) —M2> (A.18a)

where x,(x, r) is given in (A.3b), and a(x, y; q, ¢) is defined as

1—/(0) 1—rtu(0)
u'(x)—u'(0)u'(y)—u'(0)

alx, y;q, 1) = {H(x, v;q,0) e3P

t
0

— (=t ()01 -t (9)] | df(tc—r)_ze"w"z(’f)}
(A.18b)

In the derivation of (A.18) I used the relation (A.4) between df/0x and
Xo(x, t). The initial value H(x, y;q, 0) is given in (A.7b).

The asymptotic behavior of E,(r, ) as k — co0 and [/ — o0 may now be
calculated along the lines of ref. 17, Section 4(ii). For the details see that



Reaction-Limited Aggregation 269

paper. The method for studying the behavior at large cluster sizes is the
saddle point method. From ref. 17 one knows that the integrand in (A.6) has
a saddle point at the point x = y = x (), with x (¢) defined by

x{t)=x5—tu(xy) + ¢ (A.19a)
wxy)y=t* (A.19b)

For large values of k and /, only (x, y) values close to this saddle point
contribute to the integral in (A.6), implying that

gy
HF, (0. )~ ot 55500 ()

RENEE Y

%)
Z(x, )=yt
Wllc+l wé-{.lax (X, )ay (ya )

~a(xy, x5; q, ) (kI ep(t) (1) (k1> 00)  (A20)

This result may readily be inverted to yield an asymptotic form for
Ekl(r> l):

E(r, t)~al(r, t) kic (1) c,(1) (k, | > ) (A.21a)
where a(r, ¢) follows from {A.18b), (A.19b), and (A.20) as
alr, t)=1"[2t 7' —u'(2x8) — 1] g(r; 4D1)

(1, —1)? L d(t,—7)2g(r;4D(1—1))  (A21b)

Thus, at large cluster sizes the r and (%, /) dependences of E,,(r, ¢) factorize.
The spatial dependence a(r, ) in (A.21b) has the form of a superposition of
Gaussians. The factor klc,(t) ¢, (t) in (A.2la) represents the nonspatial
factorial cumulants e, (¢) [see Eq. (4.14) of ref. 17].

Next I consider E,,(r, t) in the scaling limit (S), which is the limit
where k, [ - oo, and the average cluster size s(¢) — oo, with k/s(¢) and I/s(¢)
fixed. The average cluster size is chosen as s(¢) = M(t)/M,(t), where M, (t)
is the nth moment of c,(¢), defined in (1.12). The present calculations are
completely analogous to those in Section 4(iii) of ref. 17.

We start from H(x, y;q,t) in the form (A.18), and focus on the
factor a(x,, v¢;Q,¢) in (A.18a). From ref. 17 one knows that x,(x,¢)
vanishes in the scaling limit, proportional to —s(z)~"?, and similarly
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yo o« —s(t) " ?* = 0. As a consequence, one may expand a(x,, yo;q, ?) in

(A.18b) about x = y =0; one finds that, in the scaling limit,

l“tu,(o) 2 nr —
a(xy, Yo; Qs t)—s’ - <—W—) u”(0)e 204’

T

This result can be simplified further. In the scaling limit, where ¢1¢,, the
second term in [---] diverges, so that the first term, proportional to
exp(—2Dq’t), can be neglected. Furthermore, the main contribution to the
second term comes from the region 1~ so that the factor
exp[ —2Dq¢’*(t—1)] can be replaced by unity as ¢17,. Thus, we find the
remarkably simple result that

a(xg, yo3 @, 1) —> —(t,— 1) (A.23)
i.e., in the scaling imit a(x,, yo; 4, £) becomes independent of the variables

x, y, and q.
As a consequence of (A.23), it follows from (A.18a) that

Hx, iq, 1) — —(zc—t)(ﬁf (x, z)—Mz)(—af(y, r)—Mz) (A24)
ox Oy

and, hence, from (A.6) that

Fylq, 1) = —(1,— 1) kle,(1) ¢,(1) (A.25)
Comparison of Eq. (A.25) with the scaling form (4.19) in ref. 17 for e, ()
shows that the right-hand side of (A.25) is identical to e, (t). Hence,

Eq. (A.25) may alternatively be written as

Fiu(q, 1) > e (1) (A.26a)

or
Ep(r, t)—>> e, (1) (r) (A.26b)

I emphasize that the scaling limit applies to large clusters, where large
means “of the order of the average cluster size s(¢).” Thus Eq. (A.26b)
shows that all correlations between large clusters are strictly local as t1¢..
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